Abstract. G. Parisi predicted an important variational formula for the thermodynamic limit of the intensive free energy for mixed p-spin glasses. In this paper we present an elementary approach to the study of the Parisi variational problem using stochastic dynamic programing. We give a derivation of important properties of the Parisi PDE avoiding the use of Ruelle Probability Cascades. We also give a simple proof of the strict convexity of the Parisi functional, which was recently proven by Auffinger and Chen in [1] .
Introduction
Consider the mixed p-spin glass model on the hypercube Σ N = {−1, 1} N , which is given by the Hamiltonian H N (σ) = H The parameter ξ satisfies ξ(t) = p≥1 β 2 p t p where we assume there is a positive ǫ such that ξ(1 + ǫ) < ∞, and h is a non-negative real number. It was predicted by Parisi [10] , and later proven rigorously by Talagrand [16] , and Panchenko [13] , that the thermodynamic limit of the intensive free energy is given by P(µ; ξ, h) a.s.
Here the Parisi functional P is given by
where u µ solves the Parisi PDE:
∂ xx u µ (t, x) + µ [0, t] (∂ x u µ (t, x)) 2 = 0 (t, x) ∈ (0, 1) × R u µ (1, x) = log cosh(x).
The existence of a solution of the Parisi PDE and its regularity properties are commonly proven for atomic measures using the Cole-Hopf transformation and Ruelle Probability Cascades. These results are then extended to general measures by a continuity argument. Such approaches do not address the question of uniqueness. See [17, 12, 2, 1] for a summary of these results. In Section 4, we prove that the Parisi PDE is well-posed using simple arguments from semi-linear parabolic PDEs.
Theorem 1. The Parisi PDE admits a unique weak solution which is continuous, differentiable in time at continuity points of µ, and smooth in space.
See Section 4 for the precise statement of this result, as well as a short proof of the continuity of the solution in the measure µ. For a viscosity solution approach to a related class of PDEs see [4] . It was further predicted by Parisi [10] that the minimizer of this problem should be unique and should serve the role of the order parameter in these systems. The question of the strict convexity of P was first posed by Panchenko in [11] as a way to prove this uniqueness. It was studied Panchenko in [11] , Talagrand [15, 16] , Bovier and Klimosvsky [4] , and Chen [5] , and finally resolved by Auffinger and Chen in their fundamental work [1] . The work of Auffinger and Chen rested on a variational representation of the log-moment generating function of Brownian motion obtained by Boué and Dupuis in [3] , which they used to give a novel variational formulation for the Parisi PDE.
In this note, we present an alternative proof of strict convexity. Rather than using the Boué-Dupuis formula, we use elementary techniques from stochastic optimal control theory which are commonly used in solving nonlinear parabolic PDEs of the type seen above. Similar techniques were used in [4] to prove strict convexity of Parisi-type functionals.
Theorem 2. The functional P(µ; ξ, h) is strictly convex for all choices of ξ and h.
We begin by establishing a variational formulation for the Parisi PDE in Lemma 4. This formulation was first obtained in [1] . From Lemma 4 it follows immediately that one has the following representation formula for the Parisi functional. 
where A 0 consists of all bounded processes on [0, 1] that are progressively measurable with respect to the filtration of Brownian motion.
We complete the proof of strict convexity using elementary facts about diffusions.
A variational formulation for the Parisi PDE
In this section we will describe one approach to give a variational formula for the solution of the Parisi PDE. This is to be contrasted with the usual approach of studying the PDE using the Cole-Hopf transformation.
Lemma 4. Let u µ solve the Parisi PDE as above and define the class A t of processes α s on [t, 1] that are bounded and progressively measurable with respect to Brownian motion. Then
where X s solves the SDE.
with initial data X t = x. Furthermore, the optimal control is given by u x (s, X s ) where X s solves the Auffinger-Chen SDE:
Proof. Let u solve the Parisi PDE. Notice that the nonlinearity is convex, so if we let
then by the Legendre transform we have
Therefore, we can rewrite the Parisi PDE as
The result now follows from an application of the "verification argument" [7] , which we describe presently. Since α s in A t is bounded and progressively measurable, we can consider the process, X α , which solves the SDE dX = f (s, α s )ds + ξ ′′ (t)dW with initial data X t = x. This process has corresponding infinitesimal generator
Notice that u is a (weak) sub-solution to
with the regularity obtained in Proposition 7. After a mollification argument (e.g. [14] ), it follows from Itô's lemma that
The result now follows upon observing that the optimal control, u x (s, X s ), achieves equality in the above since it achieves equality in the Legendre transform. That this control is in the class A t can be seen by an application of the parabolic maximum principle (Lemma 9). That this control is the unique optimizer follows from the uniqueness of the optimizer in the Legendre transform.
The first term in P now takes the form
with
In particular, the Parisi formula takes the form
s + s ds .
Strict convexity
Theorem 5. The Parisi Functional is strictly convex.
Proof. We will prove µ → u µ (0, h) is strictly convex. Then
will be the sum of a strictly convex and a linear functional, so P will be strictly convex. Recall
. Let α θ be the optimal control for the Parisi PDE associated to µ θ , so that
Consider the auxiliary processes Y α θ t and Z α θ t given by solving
By the lemma below, P (Y 1 = Z 1 ) > 0. Therefore by the strict convexity of log cosh and the variational representation (1),
as desired.
Lemma 6. Let Y t and Z t be as above. Then
Proof. It suffices to show that
By definition we have
Observe that by Itô's lemma the optimal control α θ t is a martingale,
, it suffices to show that K(s, t) is positive definite. We have
By the maximum principle (Lemma 9), u xx > 0, so that p(t) is strictly increasing. Since this kernel corresponds to a monotonic time change of a Brownian motion, it is positive definite.
Well-posedness of the Parisi PDE
Let u : [0, 1] × R → R be a continuous function with essentially bounded weak derivative ∂ x u. We call u a weak solution of the Parisi PDE if it satisfies
There exists a unique weak solution u to the Parisi PDE. The solution u has higher regularity:
For all j ≥ 1, the derivative ∂ j x u is a weak solution to
After performing the time change t → s (t) =
) and extending the timechanged CDF µ [0, s −1 (t)] by zero, we are led to consider the semi-linear parabolic PDE (4)
x ∈ R where g (x) = log cosh x and m (t) = µ [0, s −1 (t)] 1 t≤ξ ′ (1)/2 . We carry over the definition of weak solution from before: a continuous function u : [0, ∞) × R → R with essentially bounded weak derivative ∂ x u is a weak solution to (4) if it satisfies 0 =ˆ1
. Evidently, the existence, uniqueness, and regularity theory of weak solutions to the Parisi PDE is captured by that of (4) .
Let e t∆ be the semigroup associated with the heat equation in R, i.e.
h (y) dy.
Then u weakly solves (4) if and only if
Our proofs of existence, uniqueness, and regularity boil down to a study of this fixed point equation on a certain complete metric space. We describe the argument in the sections below. The properties of g and m we will be using are that
is a monotonic function of time alone and ||m|| ∞ ≤ 1. These properties will inform our choice of the space on which we study (5) . The exact bound on m does not matter, but we include it for convenience.
Once the existence and regularity theory of the Parisi PDE is done, one can give a quick proof of the continuity of the map from µ to the solution of the Parisi PDE u using SDE techniques from e.g. [14] . For convenience we topologize the weak topology on the space of probability measures on the interval Pr [0, 1] with the metric
Lemma 8. Let µ, ν ∈ Pr[0, 1] and u, v be the corresponding solutions to the Parisi PDE. Then
Proof. Let u, v solve the Parisi PDE weakly, then w = u − v solves
weakly. Since u x , v x are Lipschitz in space uniformly in time and bounded in time, we can solve the SDE
and write
since ξ ′′ is non-decreasing and ||v x || 2 ∞ ≤ 1 by Lemma 9. Differentiating the PDE for w in x, one finds w x has the representation
Using that ||v x || ∞ ≤ 1 and ||u xx || ∞ ∨ ||v xx || ∞ ≤ 1 from Lemma 9, and since ξ ′′ is nondecreasing,
Lemma 9. The solution u to the Parisi PDE satisfies |u x | < 1 and 0 < u xx ≤ 1.
Proof. Using the PDEs for u x , u xx we can write
where X t solves the Auffinger-Chen SDE
The first equality immediately implies the bound on u x , and the second equality implies u xx > 0. Then by a rearrangement one finds
and u xx ≤ 1 follows.
4.1.
Existence of a fixed point. We prove existence of a fixed point to (5). First we show there exists a solution for short-times t < T * , then by using an a priori estimate we prove a solution exists for all time. Short-time existence comes via a contraction mapping argument. Define the Banach space
with the norm
and for each T > 0 define the complete metric space
with the distance
The symbol h in the definition of the space refers to the initial data, which is assumed to satisfy
Lemma 10. (short-time existence) Let
where C ∈ R + is a universal constant. Then for all T ∈ (0, T * ),
• (strict contraction) There exists α < 1 such that
Therefore for every T < T * (h) there exists u ∈ X h T satisfying u = A [u]. Proof. First we prove A is a self-map. Let u ∈ X h T and call
Elementary estimates on the semi-group and the definition of X h T imply the bounds
Therefore there is a universal constant C ∈ R + such that A :
Now we prove A is a strict contraction. Let u, v ∈ X h T and call
Elementary semi-group estimates and the definition of
where C ∈ R + is a universal constant. Therefore, if
To prove the existence of a global-in-time solution to (5) we will work in the space
defined for each T ∈ R + . Note X g T ⊂ X T so that by Lemma 10, if we take T < T * (g) then there exists u ∈ X T satisfying the fixed point equation (5) . To extend u to all of time we require the following a priori estimates.
Lemma 11. (a priori estimates) Let T ∈ R + and assume u ∈ X T satisfies (5). Then
The estimate on u x is derived by the maximum principle. By Corollary 14 we have
and by assumption u x is bounded. Now the usual proof of the maximum principle for linear parabolic PDE in unbounded domains goes through. [8] For the estimate on u xx observe that
so by a standard energy estimate (see Lemma 15) we have
. The desired result follows from Gronwall's inequality and the a priori bound on u x .
Corollary 12.
(global existence) For each T ∈ R + , there exists u T ∈ X T satisfying (5). The solutions {u T } T ∈R + so produced agree on their common domains.
Proof. Define the maximal time of existence T M to be the supremum over T ∈ R + such that there exists u T ∈ X T satisfying (5). If T M < ∞ then by Lemma 10 we must have lim sup
otherwise we could construct a solution extending for times beyond T M . Therefore by Lemma 11 we must have T M = ∞.
A quick application of Lemma 16 shows that u T = u T ′ for t ≤ T ∧ T ′ .
4.2.
Regularity of fixed points. One proves the higher regularity of the fixed point u by a parabolic bootstrapping procedure.
Proof. Let us describe the first step of the argument.
x . It will be important to note we are working on the finite-time domain
Start by writing
∞ , and There is a sense in which the weak solution u is a classical solution. For completeness, we record the energy estimate which was used above. The proof is standard (see [6] ) and is omitted. Therefore by an elementary semigroup estimate we find
for all t ≤ T , where C ∈ R + is a universal constant. It immediately follows d x = 0 and d = 0.
